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Introduction
The notion of a rainbow-free coloring [10] coincides with the notion of a proper strict coloring of a C-hypergraph in the context of the recent theory of coloring mixed hypergraphs [14] . In this work, instead of studying the upper chromatic number our interest is in determining (or estimating) the balanced upper chromatic number, which arises from balanced rainbow-free colorings. We will define all concepts in the general setting of hypergraphs although here we only study projective planes and projective spaces.
Let H be a hypergraph and k be a positive integer. A k-coloring of H is a surjective mapping from V (H) to a set of k colors; that is c : V (H) → {0, 1, ..., k − 1}. The inverse images of the colors are called the chromatic classes; that is C i = {v ∈ V (H) : c(v) = i}, for i ∈ {0, ..., k − 1}. Given a k-coloring of H, an edge of H is called rainbow, if it is totally multicolor (i.e. the coloring assigns pairwise distinct colors to its vertices). A k-coloring of H is said to be rainbow-free, if it contains no rainbow edges. The upper chromatic number of H, denoted by χ(H), is the largest integer for which there is a rainbow-free coloring of H. We shall observe that χ(H) + 1 is the minimum integer for which every (χ(H) + 1)-coloring of H contains a rainbow edge. In this sense the problem of determining the upper chromatic number is considered an extremal anti-Ramsey problem.
The upper chromatic number has been studied in many different contexts and has been redefined several times under different names (see [2, 5, 6, 9, 12, 13] and references therein). More specifically, results in projective planes appear, for example, in [1, 3, 4] . A natural lower bound for the upper chromatic number is given in terms of the 2-transversal number, τ 2 , which is the minimum cardinality of a set of vertices that intersect each edge in at least two vertices. It is not difficult to see that
holds true for every hypergraph H, and it is an interesting problem to determine when this inequality is tight, (see [3] ). Generally, the structure of rainbow-free colorings is very specific. Indeed, in order to avoid rainbow edges most of the times very small color classes are needed. For instance, the coloring that provides the above inequality has |V (H)| − τ 2 (H) color classes with one element each, and one big color class of order τ 2 (H). The main motivation of this work is to investigate (in contrast to the latter fact), if there are rainbow-free colorings with color classes of almost the same size. A balanced coloring is a coloring in which the cardinality of all color classes differs at most in one unit. The balanced upper chromatic number of H, denoted by χ b (H), is the largest integer k for which there is a balanced rainbow-free k-coloring of H. We shall observe that χ b (H) ≤ χ(H) holds true for any hypergraph H.
We denote a finite projective plane of order q by Π q . A projective plane can be considered as a hypergraph where the set of vertices is the set of points, and the edges are the lines. So, the hypergraph of a finite projective plane of order q has v = q 2 + q + 1 vertices and the same number of edges each containing q + 1 vertices. It is an easy exercise to verify that the Fano plane Π 2 satisfies χ(Π 2 ) = 3 and χ b (Π 2 ) = 2, while the projective plane of order 3, Π 3 , satisfies χ(Π 3 ) = 6 and χ b (Π 3 ) = 4. For q = p h , being p a large enough prime, it has been recently proved [3] that for PG(2, q) the equality hods true in (1) .
In Section 2 we recall the notion of cyclic planes. Theoretically, the class of cyclic projective planes is wider than the class of Desarguesian planes, but each known finite cyclic plane is isomorphic to PG(2, q) for a suitable q. We use the polygon model in order to prove that:
if Π q is a cyclic plane of order q. We also show that the upper bound is sharp if q ≡ 1 (mod 3). We denote the n-dimensional projective space over the finite field of q elements by PG(n, q). In Section 3 we investigate the hypergraphs arising from PG(n, q), n ≥ 3. We prove some bounds on the balanced chromatic numbers, and give constructions of new rainbow-free colorings of these hypergraphs.
Balanced coloring in cyclic planes
First we give a general upper bound on the balanced upper chromatic number of finite projective planes which is consequence of an easy counting argument. Theorem 2.1. All balanced rainbow-free colorings of any projective plane of order q satisfies that each color class contains at least three points. Thus
Proof. Suppose to the contrary that the plane has a balanced rainbow-free coloring with a color class of size two. For i ∈ {1, 2, 3}, let n i be the number of color classes of size i. Then n 2 > 0, and either n 1 = 0 or n 3 = 0. Since each point of the plane belongs to exactly one color class, then
On the other hand, the number of 2-secant lines of a set of one, two, or three points is respectively equal to zero, one, or at most three. Thus the total number of lines which are not rainbow is n 2 if n 3 = 0, and at most n 2 + 3n 3 if n 1 = 0. In both cases, according to (2) , we obtain less than q 2 + q + 1 not rainbow lines, contradicting that the coloring is rainbowfree.
In the rest of this section we consider cyclic projective planes. First of all, we recall the notion of difference sets and some well-known facts about them (Proposition 2.2). We also recall a useful model of cyclic projective planes, due to Kárteszi [11] , that we will use throughout this paper.
Let G be an additive group.
The following proposition is an inmediate consequence of the previous definition. 
The next representation of the cyclic planes comes from Kárteszi [11] , and is useful to illustrate our proofs: Consider the numbering of the vertices of a regular v-gon with the elements of Z v in clockwise order. Note that the subpolygon with q+1 vertices induced by a difference set D has the property that all the chords obtained by joining pairs of their points have different lengths, and it represents the line L 0 of Π q . Moreover the line L i is obtained by rotating L 0 around the center by angle 2π · i v for i ∈ {1, ..., v − 1}. In the rest of this section, we present our results related with balanced colorings in cyclic planes. First we give a general lower bound in terms of the smallest nontrivial divisor of v = q 2 + q + 1. Theorem 2.3. Let Π q be a cyclic projective plane of order q and let p be the smallest nontrivial divisor of v = q 2 + q + 1. Then Π q has a balanced rainbow-free coloring with v p color classes. Thus
Proof. For 0 ≤ i ≤ v p − 1 define the color classes as:
Each line of a cyclic projective plane of order q contains a pair of points for which its difference is v p , hence each line contains a pair of points of the form {j, j + v p }. By definition, the two points of every such a set are in the same color class, thus the coloring is rainbow-free.
Note that if v has no "small" nontrivial divisors then the previous bound provides not much information (actually, if v is a prime number then the theorem above is useless). In contrast, if v is divisible by 3, that is p = 3, which is the case when q ≡ 1 (mod 3), then the bound in Theorem 2.3 provides the exact value of the balanced upper chromatic number. 
Proof. The upper bound is obtained by Theorem 2.1. The lower bound is obtained by Theorem 2.3 since q ≡ 1 (mod 3) implies v is divisible by 3.
A difference set of Z v may contain the subset {0, 1, 3}. If it happens, we can find an optimal balanced coloring as shown in the next proposition. 
Proof. By Corollary 2.4 it is enough to consider the case q ≡ 1 (mod 3). This implies that v ≡ 1 (mod 3). Let v = 3m + 1, then each x ∈ Z v \ {0} will be expressed as x = 3a + b where 0 ≤ a ≤ m − 1 and 1 ≤ b ≤ 3; and 0 will be written as 0 = 3m + 1 = v. Define the color classes as follows. For 0
This coloring is balanced with m − 1 classes of size three and one color class of size four. To verify that the coloring is rainbow-free we show that for every x ∈ Z v , the line L x has two points in the same color class. If x = 3a + 1 or x = 3a + 2 with 0 ≤ a ≤ m − 1, consider the pair {x, x + 1} ⊂ L x and note that both elements belong to the color class C a . If x = 3a + 3 with 0 ≤ a ≤ m − 2 then consider the pair {x + 1, x + 3} ⊂ L x and note that both elements belong to the color class C a+1 . If x = 3(m − 1) + 3 then consider the pair {x, x + 1} = {3m, 0} whose elements belong to C m−1 , and finally if x = 0, then consider the pair {1, 3}, whose elements belong to C 0 .
We show the coloring for v = 31 in Figure 1 . 
Proof. Because of Corollary 2.4 it is enough to prove the statement when q ≡ 1 (mod 3) In this case v ≡ 1 (mod 6). Let v = 6s + 1 then, as before, each x ∈ Z v \ {0} can be expressed as x = 6a + b, where 0 ≤ a ≤ s − 1 and 1 ≤ b ≤ 6, and 0 = 6s 
We will treat each case separately starting with the simplest one (Case 1), where the given coloring is analogous to the one used in the proof of Proposition 2.5. In the remaining cases we use slight variations of this coloring. In all cases, in order to prove that the proposed coloring is rainbow-free, we show that for every x ∈ Z v the line L x has two points in the same color class. • If x = 6a + b with 0 ≤ a ≤ s − 1 and 1 ≤ b ≤ 5, or x = 6(s − 1) + 6 then consider the pair {x, x + 1} ⊂ L x and note that both elements belong to the color class C a .
• If x = 6a + 6 with 0 ≤ a ≤ s − 2 or x = 0, we consider the pair
We claim that, in any case, both elements This is a balanced s-coloring with s − 1 classes of size six and one color class of size seven, see Figure 2 . Next we verify that the coloring is rainbowfree.
• If x = 6a + b with 0 ≤ a ≤ s − 1 and 2 ≤ b ≤ 5, or x = 6(s − 1) + 6 then both elements in the pair {x, x + 1} ⊂ L x belong to the same color class C a .
• If x = 6a+1 with 0 ≤ a ≤ s−1 we consider the pair {x, x+d+2} ⊂ L x which elements belong to the same color class C a+r where a + r is taken modulo s. To see this note that x + d + 2 = 6(a + r) + 4 < v if 0 ≤ a ≤ s − r − 1, and x + d + 2 = 6(a + r) + 3 where a + r + 1 is taken modulo s if a ≥ s − r − 1.
• If x = 6a + 6 with 0 ≤ a ≤ s − 2 or x = 0, we consider the pair {x + 1,
, then both elements belong to C r . In the other cases both elements belong to the color class C a+r+1 where a + r + 1 is taken (mod s). First note that if 0 ≤ a ≤ s − 2 then x + 1 = 6(a + 1) + 1, consequently c(x + 1) = a + r + 1, and for x = 0, c(x + 1) = r + 1. Next, observe that x + d + 2 = 6(a + r + 1) + 3 < v if 0 ≤ a ≤ s − r − 2, and x + d + 2 = 6(a + r + 1) + 2 where a + r + 2 is taken modulo s if a ≥ s − r − 1. We note that this coloring is quite similar to the one given in the previous case; the color classes in the present coloring differ from the color classes in the previous coloring only in a single element, see Figure 2 . Again we obtain a balanced s-coloring with s − 1 classes of size six and one color class of size seven. Next we verify that the coloring is rainbow-free.
• If x = 6a + b with 0 ≤ a ≤ s − 1 and 1 ≤ b ≤ 4, or x = 6(s − 1) + 5 then both elements in the pair {x, x + 1} ⊂ L x belong to the color class C a .
• If x = 6a + 5 with 0 ≤ a ≤ s − 2 or x = 6(s − 1) + 6, we consider the pair {x • If x = 6a + 6 with 0 ≤ a ≤ s − 2 or x = 0, we consider the pair {x, x + d} ⊂ L x . If x = 0, then both elements belong to C r . In the other cases by definition c(x) = a + r + 1 (mod s). To see that x + d belongs to the same color class as x, note that x+d = 6(a+r+1)+5 < v if a ≤ s − r − 2, and x + d = 6(a + r + 1) + 4 if a ≥ s − r − 1.
Case 4. Let d = 6r + 6 with 0 ≤ r < s/2. We define the coloring as This is a balanced s-coloring with s − 1 classes of size six and one color class of size seven, see Figure 2 . To verify that the coloring is rainbow-free we use similar arguments than in the previous case.
• If x = 6a + b with 0 ≤ a ≤ s − 1 and 1 ≤ b ≤ 3, or x = 6(s − 1) + 4 then both elements in the pair {x, x + 1} ⊂ L x belong to the color class, C a .
• If x = 6a + 4 with 0 ≤ a ≤ s − 2 or 6(s − 1) + 5, consider the pair {x + 1, x + d} ⊂ L x which elements belong to the color class C a+r+1 , where a + r + 1 is taken modulo s. Similarly than in the previous cases x+d = 6(a+r+1)+4 < v if 0 ≤ a ≤ s−r−2, and x+d = 6(a+r+1)+3 where a + r + 1 is taken modulo s if a ≥ s − r − 1.
• If x = 6a + 5 with 0 ≤ a ≤ s − 2 or 6(s − 1) + 6, then we distinguish two subcases. If 0 ≤ a ≤ s−r−2, then consider the pair {x+1, x+d+2} ⊂ L x . These elements belong to the color class C a+r+2 where a + r + 2 is taken modulo s, because x+1 = 6a+6 and x+d+2 = 6(a+r+2)+2 < v. If a ≥ s − r − 1, then take the pair {x, x + d} ⊂ L x . These elements are both in the color class C a+r+1 where a + r + 1 is taken modulo s because x + d = 6(a + r + 1) + 4 where a + r + 1 is taken modulo s.
• If x = 6a + 6 with 0 ≤ a ≤ s − 2 or x = 0, we consider the pair {x, x + d + 2} ⊂ L x . If x = 0, then both elements belong to C r+1 . In the other cases they belong to the color class C a+r+2 where a + r + 2 is taken modulo s, because x + d + 2 = 6(a + r + 2) + 2 < v if 0 ≤ a ≤ s − r − 2, and x + d + 2 = 6(a + r + 2) + 1 where a + r + 2 is taken modulo s if a ≥ s − r − 1.
Balanced coloring in higher dimensional spaces
In this section we investigate hypergraphs arising from n-dimensional projective spaces where n ≥ 3. The n-dimensional projective space of order q exists if and only if q is a prime power and it is unique up to isomorphism. Let V n+1 be an (n + 1)-dimensional vector space over the finite field of q elements, GF(q). The n-dimensional projective space PG(n, q) is the geometry whose k-dimensional subspaces for k = 0, 1, . . . , n are the (k+1)-dimensional subspaces of V n+1 . For the detailed description of these spaces we refer to [8] .
The basic combinatorial properties of PG(n, q) can be described by the q-nomial coefficients. [ n k ] q equals to the number of k-dimensional subspaces in an n-dimensional vector space over GF(q), hence it is defined as
The proof of the following proposition is straightforward.
Proposition 3.1.
• The number of k-dimensional subspaces in PG(n, q) is n+1 k+1 q .
• In particular both the number of points and the number of hyperplanes in PG(n, q) equal to
A k-spread of PG(n, q) is a set of pairwise disjoint k-dimensional subspaces which gives a partition of the points of the geometry. The following theorem gives a necessary and sufficient condition for the existence of spreads. If n is odd then k = (n − 1)/2 is the greatest value of k for which kspreads of PG(n, q) exist. These spreads have an important property that we will use for constructing balanced rainbow-free colorings. Proposition 3.3. Let S be an (n − 1)/2-spread in PG(n, q). Then each hyperplane of PG(n, q) contains exactly one element of S.
Proof. If A and B are (n − 1)/2-dimensional subspaces in a hyperplane H, then the dimension formula gives
so A ∩ B is nonempty. But the elements of S are pairwise disjoint, hence each hyperplane contains at most one element of S.
On the other hand, by Proposition 3.1 the number of (n−1)-dimensional subspaces containing a given (n − 1)/2-dimensional subspace is
The spread S consists of
hyperplanes. But
that is the total number of hyperplanes in PG(n, q). Thus any hyperplane must contain exactly one element of S.
If 0 < d < n is a fixed integer, let H(q, n, d) be the hypergraph whose vertex-set is the set of points of PG(n, q) and the edges are the d-dimensional subspaces of PG(n, q).
Theorem 3.4. Let n ≥ 3 be an odd number. Then H(q, n, n − 1) has a balanced rainbow-free coloring with
Proof. The divisibility condition ( n−1 2 + 1)|(n + 1) implies that PG(n, q) has an (n − 1)/2-spread S which consists of t = q n+1 2 + 1 subspaces. We define the coloring in the following way. Take a pair of points from each element of S, these t pairs form t color classes of size two. Each of the remaining q n+1 −1 q−1 − 2t points forms a color class of size one. Thus the number of the color classes is
It follows from Proposition 3.3 that each hyperplane H of PG(n, q) contains one element of S. This element has the points of a color class of size two, so these two points are contained in H, too. Hence this coloring of H(q, n, n − 1) is rainbow-free.
In the case n = 3 the rainbow-free coloring of Theorem 3.4 is the best possible.
Theorem 3.5. Each balanced rainbow-free coloring of H(q, 3, 2) has at most q 3 + q color classes. Hence
Proof. The inequality χ b (H(q, 3, 2)) ≥ q 3 + q follows from Theorem 3.4.
Suppose that H(q, 3, 2) admits a balanced rainbow-free coloring with c > q 3 +q color classes. As PG(3, q) contains q 3 +q 2 +q+1 points, this implies that there are at most q 2 color classes of size two and all other color classes have size one. If the color class C contains the points P and R, then the number of planes of PG(3, q) containing both P and R is the same as the number of planes containing the line P R. This number is 3−1 2−1 q = q + 1. Hence the total number of rainbow-free planes is at most q 2 (q + 1) < q 3 + q 2 + q + 1. This contradiction proves the theorem.
The following inductive construction is based on the geometric properties of cones. Theorem 3.6. If H(q, n, d) has a balanced rainbow-free coloring with the additional property that each color class has the same size, say k), then H(q, n+1, d) also has a balanced rainbow-free coloring with (q n+1 −1)/k(q−1) color classes.
Proof. Let S n be a hyperplane in PG(n + 1, q) and V be a point in PG(n + 1, q) \ S n .. As S n is isomorphic to PG(n, q), we can take a balanced rainbowfree coloring of S n with t = (q n+1 − 1)/k(q − 1) color classes, C 1 , C 2 , . . . , C t such that |C i | = k if i = 1, 2, . . . , t. Now we define the color classes on the point-set of PG(n + 1, q). For i = 1, 2, . . . , t − 1 let
and finally let
This coloring is well-defined, because if R ∈ PG(n + 1, q) \ {V } is an arbitrary point, then V, R is a line ℓ. As V / ∈ S n , this line is not contained in S n , hence the point ℓ ∩ S n is unique, it belongs to exactly one of the color classes C 1 , C 2 , . . . , C t .
The coloring has t color classes by definition. The color class C ′ t has size kq +1 and all other classes have size kq, thus the coloring is balanced. The ddimensional subspaces containing V are rainbow-free, because each of them contains at least one line passing through V. If a d-dimensional subspace S d does not contain V then V, S d is a (d + 1)-dimensional subspace, say S d+1 . The hyperplane S n does not contain V, hence S n ∩ S d+1 is a d-dimensional subspace in S n . Thus it contains at least two points, say X and Y from a color class C i . This implies that the points V, X ∩ S d and V, Y ∩ S d are in C ′ i , hence S d also contains two points from the same color class, so the coloring is rainbow-free. Proof. The projective plane PG(2, q) is cyclic, thus the construction given in Theorem 2.3 implies that H(q, 2, 1) has a balanced rainbow-free coloring with v p color classes and each class has size p.
In the case q ≡ 1 (mod 3) the following upper bound on χ b (H(q, 3, 1)) is close to the lower bound given by Theorem 3.7. Proof. Suppose that a balanced rainbow-free coloring contains n k−1 color classes of size k − 1, and n k = 0 color classes of size k. Then
The total number of lines in PG(3, q) is (q 2 + 1)(q 2 + q + 1) and each line must contain at least two points from the same color class, consequently
But,
Hence, (q 3 + q 2 + q + 1)(k − 1) ≥ 2(q 2 + 1)(q 2 + q + 1).
¿From this inequality we obtain k − 1 ≥ 2q + 2 q + 1 , but k is an integer, hence k ≥ 2q + 2.
